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Buckling of Thin Cylinder under Combined External
Pressure and Axial Compression

G. Krishnamoorthy*
California State University, San Diego, Calif.

In this paper a deflection function with undetermined coefficients is used to determine analytical-
ly the bifurcation buckling load of a cylindrical tube under combined external pressure and axial
compression using Donnell’s simplified equations. This procedure can be adopted for various types
of prescribed boundary conditions. In order to demonstrate the feasibility of this method, only the
fixed-end conditions are considered for solution in this paper. The results obtained for the fixed-end
conditions indicate that the critical buckling value depends on the ratio of thickness to radius and
not on the ratio of radius to length and the critical buckling value decreases as the ratio of circum-
ferential compressive stress to axial compressive stress increases. The buckling interaction curve
for combined radial and axial compression for this case appears to follow a straight line indicating
a uniform percentage decrease in the axial compressive load from the theoretical classical value for

uniform axial compression.

Nomenclature
AitoAy = arbitrary constants
aitoas _
bq,b2b1,b
c:,c:,EiE: = see Eq (19)
=i, = 1 to 4 matrix and determinant elements

= see Eq. (2)
E = modulus of elasticity
e1,e2 = see Eq. (23)
K = see Eq. (6)
K. K, = see Eq.(2)
L = length of the shell
m = see Eq. (2)
n = mode number = 1,2,3, ...
p = see Eq. (10)
P1toPs =
1 to pe see Eq. (20)
R = radius of the middle surface of the shell
t = thickness of the shell
u,u,w = displacement in the x,v,z directions respectively
X,V,2 = right-handed coordinate system
VA = see Eq. (6)
a = n/2nR see Eq. (3)
1,01 = real and imaginary part of Eq. (8) respectively
A2,02 = real and imaginary part of Eqg. (9) respectively
" = Poisson’s ratio
7 = see Eq. (6)
get = buckling strength of moderate length of cylinder,

see Eq. (7)
ox = normal compressive stress in the axial x direction
oy = transverse compressive stress in the circumferen-
tial v direction

$4 to Py = see Kgs. (8) and (9)
¢1t0 ¢4 = indicial roots, see Egs. (8) and (9)

THERE is a vast amount of literature on the buckling of
thin shells and a review up to 1958 can be found in an ar-
ticle by Y. C. Fung and E. E. Sechler.? A summary of
available solutions can be found in the Handbook of Engi-
neering Mechanics? and the Handbook for Structural Sta-
bility.3:* Most of the literature involves calculation of the
buckling strength of a cylindrical tube by assuming suit-
able deflection functions that will satisfy the boundary
conditions. ’
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It is difficult to apply these methods for thin shells with
various edge conditions. In this paper a general deflection
function with undetermined coefficients is assumed,
which can be made to satisfy any prescribed boundary
conditions. This type of function gives an exact solution of
the governing differential equations. In order to demon-
strate the feasibility of such a method, the buckling of a
closed cylinder with fixed ends subjected simultaneously
to uniform radial and uniform axial force is illustrated in
this paper.

The simplified equations of the small deflection theory
known as Donnell’s equations® are used. Although the
small deflection theory may give buckling stresses higher
than the actual buckling values, it will serve the purpose
of establishing upper bounds of the buckling loads.

Coordinates and Displacements

The dimensions of the cylindrical shell are given by the
length L, thickness ¢, and radius R to the middle surface.
The origin of a right-handed coordinate system x, vy, z, is
at the midlength of the middle surface of the shell. The
coordinate x is parallel to the axis of the cylinder. The
coordinate y is in the circumferential direction. The coor-
dinate z is in the radial direction and is positive outward.
The displacements in the positive directions of x, v, and z
are referred to as u, v, and w, respectively.

General Equations

Donnell’s equations for a cylindrical tube subjected to
an axial compressive stress ¢, and a circumferential com-
pressive stress ¢, can be written as

1202 otw wt 9w 82w
8 vt =0 (1
Vit T pa bV LKz v Epz ) )

where
o, L o,tL*
x = 2D y = D ;
L w. B
m= g1 - 1) s D= T30 = % (2)

Solution for Critical Stress

The general solution of w obtained from Eq. (1) will
have eight arbitrary constants. From this solution, the
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displacements of u, v, w, and all the stress resultants can
be easily obtained using the uncoupled Donnell’s equa-
tions. These expressions so derived with eight undeter-
mined coefficients must satisfy the prescribed fixed-end
boundary conditions. The boundary conditions are satis-
fied by setting the expressions, u, v, w and dw/dx equal to
zero at both ends of the cylinder, i.e., at x = L/2 and x =
—L/2. The critical buckling stress is then obtained by set-
ting the determinant of the boundary expressions, which
are functions of the arbitrary constants, equal to zero.

General Solution for w

In order to obtain a general solution to satisfy Eq. (1),
the following expression for w is assumed

w = {ae®*} cosay where a = SR R and & is constant. (3)

Substltutlng Eq. (3) into Eq. (1), the followmg indicial
equatlon is obtained

2
®8+(%—4)¢'60¢2+
1202 2K,
(6+ 1~ 57 —h)<1>44+

(2K—ﬁ7T2+ —g—,” -4) 9%8 + (——gl’7 +1)at=0 (4)
a’L a‘L ' a’L SR
A direct numerical solution of Eq. (4) biquadratic in 2
is impossible even with a precision of sixteen digits be-
cause of the numerical sensitivity of extremely small dif-
ferences of very large numbers. Therefore, Eq. (4) is re-
written in the following quadratic forin in [($2 — 1)2/$2]:

_1y2 2 2 _1)\2
[(¢2¢1)] +K[£(2—(Z)71—)—]+Z=0 (5)
) K. ? K 12

It is found that the roots can be evaluated for the entire
implicit quadratic expression as shown in Eq. (5). Then
the actual roots of ¢ are obtained by solving the roots of
the implicit quadratic expression in ¢. As a first approx1-
mation the roots are obtained assuming # to be zero, in
which case the term involving n/¢? will vanish. For the
second and subsequent approxunatlons the roots obtained
in" the previous approximation is used with the proper
value of 5. This iteration process is continued until the
desired degree of accuracy is achieved. Usually three iter-
ative evaluatlons are enough to obtam a reasonable degree
of accuracy.

The cylindrical shell subjected to axial as well as radial
pressure having a critical buckling stress less than or
equal to the classical buckling stress

1 Et
o = B = 7 R "

is of primary interest in this study. Therefore, the roots of
Eq. (5) are written in the form

i§1 = i¢1a _ . _
1B, = iqbzoz} = £ (y; £iBa =
£[1-(p+ig)"? £i(p +ig)'2la  (8)
:i:(1)3 = :i:(p o] .
@, = :!:(1)201} = tife =
t[1~(p =ig)'"* £i(p —ig)"*la  (9)
where

K z'"% g, n
b="73 (Z—Z‘m)= 2 —(1—?) (10)
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Al o .2 n 1/2
Z _ (Y% — 11
T [1-(Z) (1- )] (11)

From the above equations it may be seen that the eight
roots of the indicial equation form four sets of complex
conjugates, yielding the following solution for w:

w=[ " (a; sinaByx + a, cosap;x)

aYyx .
+e"% (ay sinaByx + a; cosafyx)

+ e (a; sinaBx + ag cosaPix)

-0Y9x%

+ e™ "% (a7 sinaByx + ag cosapyx)] cosay (12)
The expressions for u and v can be obtained from Eq. (12)
using the uncoupled Donnell’s equations.

A shell with symmetrical boundary conditions and load-
ings may buckle either into a symmetrical or into an
antisymmetrical deflection pattern. Hence, it will be con-
venient to separate the symmetrical and antisymmetrical .
parts for w, u, v, and dw/dx. In order to satisfy the sym-
metrical and antisymmetrical deflection conditions along
the axial direction the coefficients must satisfy the fol-
lowing relatlonshlps respectively:

s = —ay; Qg= «Qy; ;= —a3; ag= a, (13)

Ay = ay; AGg= —dy; ;= as; ag=—a, (14)
Using the above relationship, the symmetrical and the
antisymmetrical solutions for w, u, v, and dw/dx are writ-
ten with a set of four new constants, A;, Az, A3, and As.

Eguations for w, u, v, and dw/dx

With the subscript S referring to the symmetric part
and the subscript A referring to the antisymmetric part,
the final equations are

1o U S cnage s, SN g
(15)
i :’i:z:ii cosa By + A, :;::g:zi sinagyx] cosay
LA b oo s S b o
z[cs;::zzg—bz cosafx + :i:z;:i by sinaByx]
3[532223? by cosafyx + CSC:[S‘:ZZ";; b, sinaByx} o
+ Aﬂ:;::g:;g—b_z COSaByx + Z‘:::zzg by sinag,x]} cosay
)= AT st SV o
(R s st
+ 3[1(;181:?1;;; ¢y cosafyr + :;:Egzzi ¢, sina Byx]
+ 4[2:222?52 COSALyx + :;::gzzi [ $inaBzx] } sinay
aw
Z;‘@: = AL, cosapar - e, sinag]
Ax .
B T e R B
+ Ag[:é::g:";i vy COSAByx + Cs‘;::g:zi_ﬁz sinaByx]
+ A4[;;::gz:i By cOsaByx + cs(:xsl:g;:i yy sinaB,x| } sinay
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Fig. 1 Curves of o/E vs L/R. e A
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(PyP; + P,P,)

b — — PiP3+ PPy _
! (n/2m)(P2 + Py?)

Bz X

b PP+ PP o (“PPy i+ PyPy)
ET m/2n(PE+ PR T m/2m(PR ¢ PyY)
(19)
o=~ PaPsE PoPg) o (PiPsx PyPy)
@/2m)(PE+ PR 7 P /2m)(PE + Py
(=P Pg+ PyP5)  —  (=PyPg+ PyP;)
Cy = Cy =

(/20 (PE + P’ (n/27)(PE + Py)
Pi=v ~6y 8 + B — 2y + 287 + 1

Pr=vy' —69,08,7 + Bt — 20t + 287 + 1

Py =48y — 4y By + 4y1By ; Py = 487y, — 40’8 + 4iBy
Py=ply® ~38%) + 7 5 Py= pn® —38%,) + 7 (20)
Py = ui - 380" - B s Py=n(By = 3809) — By
Pi=~2+ Wl -8 +1;Pi=—Q2+ Wt - g+ 1

!

Po=(2+ w)(2v8y) s Py= (2 + 1)(2y,8)

Determination of Buckling Stress

For either symmetrical or antisymmetrical buckling,
the following boundary conditions must be satisfied along
the fixed ends

w=0 u=0v=0and dw/dx = 0; at x = + L/2 (21)

For x = +L/2, Egs. (15-18) can be written in a 4 X 4 ma-
trix form for either symmetric or antisymmetric modes of
buckling factoring common terms as shown in the fol-
lowing Eq. (22). The factoring out of the terms ey in the
first two rows and e; in the last two rows reduces the
magnitude of the elements of the matrix for convenient
evaluation of the value of the determinant

w Cii Cip Cy3 Cyy
u Cot Coa Gz Cyy
v | T | Cat Cyp Cyy Cyyl S
dw/dx Cit Cua Cu3 Cyy
Ageq 0
Ayeq 0
e, = o (22)
Agey 0
where
ey = 172 ML/ o o) — | petem /D (33)

Fig. 2 Curves of o.,/E vs t/R.

The critical compressive stress value, o.r will be found
by setting the determinant of the matrix [C] of Eq. (22) to
Zero, i.e.,

ICl =0 (24)

Limiting Value of the Buckling Stress

It may be shown that the upper limit of buckling stress
of a cylindrical tube, subjected to axial compressive stress
alone is .1, as given in Eq. (7). This satisfies Eq. (22) for
either the symmetrical or the antisymmetrical buckling
case. When ¢, = 6, and 5 = 0, the discriminant of Eq.
(5) vanishes, yielding two sets of identical roots. For this
special case it can be easily verified from Egs. (8) and (9)
that ®; = &3 and ¥ = $4. Hence the elements of col-
umns 1 and 2 are identically equal to those in columns 3
and 4, respectively, in matrix [C] of Eq. (22) which makes
the determinant of the matrix to vanish. This verifies the
fact that o, is the limiting value of buckling stress for 5
=0.

Computer Solution of Buckling Stress

The compressive stress is implicitly involved in all the
matrix elements. The critical stress is therefore obtained
by numerical methods using an electronic digital comput-
er, as direct algebraic calculations is impossible. Starting
from the value zero, the stress is progressively increased in
small increments until the sign of the value of the deter-
minant changes. The change in sign indicates the pres-
ence of a buckling value between the previous value and
the present value of stress. The interval of search is then
narrowed until the desired degree of accuracy is obtained.
Thus the critical buckling stress is obtained for a given
value of t/R, L/R, n for various values of n for symmetric
as well as antisymmetric cases.

Conclusions

The nondimensional critical axial strain values o,/ E vs
L/R ratios for = 1 and 5 = 2 are plotted in Fig. 1 for
values of ¢t/R = 1/1,000, 5/1,000, 10/1,000, and 15/1,000
for a Poisson’s ratio ¢ = 0.3. It may be seen from this fig-
ure that the critical buckling stress of a cylindrical tube
with clamped ends subjected to combined axial and cir-
cumferential compressive stress depends only on the ratio
of thickness to radius and not on the ratio of length to ra-
dius. In Fig. 2 critical axial stress values ¢.-/E vs t/R ra-
tios for values of 4 = 0, 1, and 2 are plotted. From this
figure it may be concluded that the critical axial buckling
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stress of a cylindrical tube subjected to combined axial
and radial pressure is about one-sixth of the axial buck-
ling value of a corresponding cylindrical tube. As the ratio
of circumferential compressive stress to axial compressive
stress increases, as expected, the critical axial buckling
stress value decreases. It is also found that the critical
buckling stress for combined axial and radial compressive
cases investigated here is independent of n.

The nondimensional critical axial strain values of o.//E
vs t/R ratios for p = 0, n = 1, and n = 2 are plotted in
Fig. 2. The buckling interaction curves for combined cir-
cumferential and axial compression for clamped cylinders
(i.e., for = 1 and n = 2) appear to follow almost a
straight line parallel to theoretical classical values for uni-
form axial compression (i.e., for = 0), indicating a uni-
form percentage decrease in the axial compressive load.
The experimental results of V. I. Weingarten and P.
Seide® for cylinders with simply supported edge condi-
tions indicated the same phenomena observed in this
study for clamped cylinders, that the interaction curve

G. KRISHNAMOORTHY
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between external pressure and axial compression depends
on the ratio of thickness to radius.
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Advanced Beaded and Tubular Structural Panels
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A review is presented of an NASA program to develop lightweight beaded and tubular structural
panels which can be applied where beaded external surfaces are acceptable acerodynamically or
where primary structure is protected by heat shields. The design shapes were obtained with an op-
timization computer code which interates geometric parameters to satisfy strength, stability and
weight constraints. Methods of fabricating these new configurations are discussed. Nondestructive
testing produced extensive combined compressior:, shear and bending test data on local buckling
specimens and large panels. The optimized design concepts offer 25 to 40% weight savings compared

to conventional stiffened sheet construction.

I. Introduction

FOR several years Langley Research Center and other
NASA agencies have been investigating structural con-
cepts which use elements with curved cross sections to
develop beaded or corrugated skin panel structure.'-® The
curved sections exhibit high local buckling strength which
leads to highly efficient structural concepts. These con-
cepts can be applied where a lightly beaded external sur-
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face is aerodynamically acceptable or where the primary
structure is protected by heat shields. Their corrugated
nature makes them especially attractive for high tempera-
ture application because the controlled thermal growth
minimizes thermal stress. The technology resulting from
this program is applicable to many areas such as launch
vehicles, space shuttle, and hypersonic aircraft.

A contractual study (NAS1-10749) is in progress by The
Boeing Company to develop lightweight structural panels
designed for combined loads of inplane compression, in-
plane shear and bending due to lateral pressure. Under
this contract, governing analytical static strength equa-
tions for panels under combined load, and material and
geometric constraint equations were incorporated in a
random search type optimization computer program® to
identify minimum weight designs for several potentially
efficient concepts. However, if these concepts are to real-
ize their analytical potential, all failure modes must be
properly recognized and accounted for. Consequently,
buckling tests were conducted on subpanels to identify
local failure modes and provide for proper modification of
local buckling theory. Also, full scale panels (40 X 40 in.)
were tested under combined loading to obtain large panel
failure data for correlation with theory. A nondestructive
force-stiffness test technique? was used to provide exten-



